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LAZLACE COEFFICIENTS AND THEIR NEWCOMB DEP.Jf\hf\.’l'IVES'L

by

Imre . lzsak

Tre zomputation of the lLaplace coefficients and their Newcomb deriv-
atives, which play such an irportunt :~le in the literal de -lopment of
the planetary disturbing function, is an elabcrate task in ..merical anal-
ysis. Antli_.pating cur futwre needs, we thought it advisable to construct
an IBM-.T090 compuler program for tie evaluation of these¢ transcendental
functions. "This report describes the adcpted computa:ional procedure,
with the derivation of the basic equations and graphs, cbtained on an EAI
data-plotter, that illustrate the btehavior of the functious in question.

The Laplace coefficients bi(d) are defined here as the coefficlents

in the Fourler expansion of the genmerating furction

@©

[
—

N -5 -
o2 (1-20 cos ¥ + 32) = bz(a) o Z- bk(a) cog KV ; (1)
k=1

on the left side of this ~quation the symbol s means an exponent, but on
*the right side, Jjust an upper index; the range of the argument @ is sup-
posed toc be 0 <o <1, According to this definition,

v¥(a) = ‘i-é

-5
K (1-20 cos § + 02) eos k¥ d¥ for k =6G,1,2,... {(2)

Og‘b =

Alternatively, one writes the expancion (1) in the complex form.
With the motaticns { = exp iV, b%y(a) = bi(a) and

f=1-20c036+0'2=1+0f?-0'((,+c'1)=-'1-orc)(l-ac"l)

oF g = Z bi(a)c“ .

-

it becomes
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In the speclal case of circular and coplanar planetary orbits one
needs the laplace coefficients with s = 1/2 only. TIf the orbits are cir-
cular but not coplanar, one can chaose, among other thiugs, to develop
the Fourier coefficients ¢f the disturbing ®.ic*ton into powers of

]
v = sin” % » 1o which case Lapiace coeff.cients with s =1/2, 3/2, 5/2 ...
are npeeded; or to develop them into powers of the two variables u = c052 %
and v =¢ % s in which case cne :'ses Tisserand polynomials and Laplace

coefficlents with s = 1/2 only. Both methods were considered by leverrier.
Tre firsi is more zonvenient if the mutial inclinatisn J of the orbics is
small, the second holds for all inclinations.

More involved is the delopment of the Fourier coefficients of the
disturbing furction into powers of the orbital eccentricities. In order
to accomplish this development, one needs the Newcomb derivatives

J. 8
D bk(a)
of the Laplace coefficients. The differential operator D is definre? uas
o
D = ad/da, so trat for example D2 = ad/da + dzd“/dug.

It is well known that the lLaplace coefficients are representatle by
hypcrgecmetric series, as

b(e) = [2) &2 (o, knm, 1 [P)

sl _ kf-s\ _s.8+l...8%-1 _ I(s+k
vhere [k] (-1) (k) 1.2...k ) T(kely

(3)

The derivatives of the Laplace coefficients in turn can be expressed as
lincar combinatiogs of hypergeometric series. For small values of the
argument @, for < 0.1 say, ihe evaluation of these series does not have
to be considered an impracticai process, especially if one applies certain
convergence-inproving transformations. For larger values of the argument,
however, the computation of laplace coefficients is much better schieved
by the use of rroperly chosen recirrence relations. Such a method is
degeribed in the following.

First of all, Innes (1909, 1910) hae observed that the laplace ~cef-
ficients and their derivatives belonging to the index s+l can be easily
obtained from those belonging to the index s. Therefore we are concerned
with the speclal cace 8 = 1/2 only, where we omit this index altogether.
Then the functions to be computed are up to a certain order:

[
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J
bo,Dbo,Dabo, ey DB
3
bl,D’nl,D?‘bl, cee s DBy
J
b2,Db2,D202, ceo s D,
3
bw,DbK,Dsz, s, Dby

The first colum in this scheme we compute by using a transformation of
the argunent a propused by Andoyer (1923); it is similar tc the Landen
transformation in tne theory of elliptic integrals. To obtain the first
row we compute, by essent? .ly the same tranbformation,"a set of hytzr-
geometric functions that .a turn determine the values of the

Djbo for 3 =1,2,...,J. Following Innes (1910j, the second coiumn is

derived by the help of a simple recurrence relatiocn, and the second row

is determined by the elements in the first one. As to the rest of the
scheme, we are then all set t» apply a recwrrence relatic. of Innes {1909)
that is admirably well suited for the computation of high-order derivatives
of the Laplace c.efficients. Let us give a short proof of the equations
on which this recursive prccess 1s based.

1. Any hypergeometric function T{a,b,c|z) with fe(c) > Re(b) > O and
|z|< 1 is represented by the integral

T ~1 wh- -
F(a,b,clz) = f(—g)—‘(f%%':g‘ j WP (1-u)® b l(l-zu) #du (&)
¢]

(whittaker and Watson, 1958). Application of this tormuls to the Laplace
coefficients (3) belomwi.e to the index 8 = 1/2 gives

b (@) = Pﬁe] o F(1/2,k41/2,k41 |0")
" n/2

. A 2k
=if uk-ﬁ(l-u)-i(l-dzu)-idu =?_:}{_; J —;C-O—S-'i‘n

n Q2
o 0 N 1-aPueos®y

In the last integrand the functior under the square-roct sign can be
written as .

(o)

1-20 cos 2y + ~

l‘-—'——_\ an

(1 +o
S

1-02 c032 y =




with the sabstitution

@

2 .
@ = e—o @, = ; (5)
l+a ’ 1 (14-:21 Z)

the Fourier expansion of the numerator is

K
2k, _, -k|[2k T [ 2h o
cos ¥ =L {(k) + 2. L (k-h) cos ahv} .

h=l

Therefore, recalling ihe definitlon (2), w see that the Laplace coeffi-
cients with argument @ can be expressed by those with argument @. as

1

o K

- Y p

b (@) =d (14a) ) o b (@), (6)
h=0
_ -k (2K _ .k [2k _
vhere C, =l (k) and C,, c.h k-h) for h =1,2,...,k .
2. Consider the functions
4
By =§:142 o F{1/2+ 4,1/2+ &, :z+1iot2) , (L =0,1,...,3)-

(1)
Because the derivative of sny hypergeometric function with respect to
its argument is

%z- Fla,b,clz) = *’—:l Fla+1,b+1,c+1]z)

and D = od/da = 2P /P ,
the first Newcomb derivative of the functions B 4 8prears in the form

in general, ‘DJB‘ =24 DJ'IBi + (21+1)D‘1'1ﬁ‘+1 . (8)




Thus if the functions

o) ol "1 S~ M ) SO
were known, we cculd easily obtain the functions
Do, =DE,, DB, ey PRy DRy,

then t™+ functicns

2 2 2 z

D U(_\. D7E ’ D ﬁ > D 85-2 '

Y 3 T-

and firally DJb - DJBO =p° 181

3ut the computaticn <f the f;nction.., 8¢ with argurent Y is st once redvced
to tuat of the t'metlione bh with a-gamer cx'1 as follows:

Apply che transformst’on
3 ¢ — 2-a-b
I'(,B.,,b,clz) =\1-z) F(C»d,c-b_,cl::)

of hypergeometric functions to definition (7), and tnen us2 the iategral
representation {(4):

. o8 . : .
Py = - »/9} o (1) &F(l/ﬁ’,l/?:"*'lla'?)
AP 2/2
“__z ( u-%(i 1.‘2(1_0 0) 3du o 9021 6 singl'& ay
ﬂ( ) J -cf) :: V1.0 cos¥
O

. P
- ( I:‘ \ .
b.u.l.o" l-{\.\zl} +2 7 (-l)h (Lh‘ COF %V} ;

!

thercfore .y the above transformation of the argument « we ‘.ive
"' ]

Bl =af1ea) ) (1Pcym (a) (9)
h=0
wiih A =aP(1-07)7

w5



If a. is not small enough for an easy evaluation of the functions

1
bh(dl), we can repeat the transformation (5) by introducing the argument
o | e R
a b3 = ‘( G .
5 1—*-'\71_-0? , 80 that bk(a ) =0 (1+a2) Z c‘khah( .
\ h=C
The convergence of the null-gequence Q, orl, 0!2_. ... 1s very fast Iindeed.
FPor instance, if @ = (.99, then afl = 0.7527T4, <, = 0.20605, 013 = (.01085,

@, =0.00003, .

and o = 0.9801, ai = 0.56663, or; = 0.0L745, o§ = 0.00012,

It is expedlent to observe that the computa’.ion of & more general class
of hypergeometric functiocns, namely that of

F(l/o+s,1/2rx+Lk+d+] Iae) ,

can be reduced to the evaluation of the Laplece coefficients b, with the

argument &l . h

3. Rowv we turn our attention to the recurrence relations of Inaes;
doing sc, we again consider Laplace coefficientz belonging to the genersl
index 8. In addition to the differential operator D = &3/ 1t wiil he
convenient to vae the operator 4 = (3/3( = -19/3¥.

S8imple rules of differentiation are

ar = - a(g-gh) = -a(gHc

Df =20 - a(C+C) = £ - (1-0P)  DPF =hef - a((+(7)

A0 2
note that [(Df1< - [ar)® = 4Pt ami  D°r - a%f =Lkof .
As to the derivatives of the function £"* , we have

-8 -8 ~1 =g =1

af ° v -gf  dAf = sa(c-c'L') r
pr™® = -2 8 1pr = op™® + s(1-07) %71
a%e7® = e(1+s) £782rap1? - or7% 4%

p2e® = 5(1+s) £ (e 2 - 627" 1p%r ;



ncte that {prale™® - zsac(l--ag'l) pmet (10)
-8 -1, -s=~1
D4} £7° =2saf "(1-af) f (11)
and s - 1
(6% - a%1 17 =152 p7°71 ‘12)
Recurrence relations “'or the fuaclious bi aud DJbi are votnine? Ly
substituting the series w -
-t - l— - k
5 _ s > S.
£ = o L Okb
-

and its derivatives into combinations of these equations and comparing the
k
corresponding coefficients 2f { . Application of the differential cperator

p? «5 any function of the form & #(a) obviously recults in
DI #(a)] = Fp+r} #a) . (13)

Eliminating £7%"1 petween equation (1G) and the identity

£78 = (1-a{)(1-a¢Y) £737)

we get D+a}e™ =ag{p+a+2slr™
® Y

that is /\ {D-s+1/2+k} b g =a ) {D+s-1/2+x] bk X "
- 0 @

Ti.us for & = 1/2 -
{D+x} b, =aD+k} b | (14)

Writing -k for k in this equation and remembering that by def!nition

b-k = bk’ we have

{p-k} b, =afp-k}v ., -

In the special case k = O tuls becomes Db, = a'l .')bo, and according to

rule (13) there “esults X

b =a P | (15)
o




L. Combination of equaticus (11) and (12) gives
(0% + 28(p-a)d°} ¢ =lUs“ag e 8L

from which there follows

T+l

1
\ +
D +D-{k+5+ 1/2)(k+5-1/2) oy = bsb517 . i (16)

This most remarkable recurrence relation permite vs to comrute the
{aplace coefficients and their Newcomb derivatives belonging tc the index
8+ 1 from trose belonging tc the index 3 with the greatest ease.

Writing -k-Z for k in equation (16) and using the relation bsk = b;
ve also have -

~ . 4
(0%4D ~(k-5 % 3/2) (k-2 + 5/2) o5, , = kb5, . (17)

Comparison of equations {16} and (17) yielde a relation among functions
belonging to the same index s, which for s = 1/2 be:zomes

2 . . 2
{p°+D —(k+l);}bk ) +D-(k+l)(k+2)}bk+2 ,

or whet is the same thing,

¥+ - (k-1)(k-2)} b

L

{D2+D-k(t-1)}bk o

Tais eguation, like equation (16) does not contain the argument ¢ expiicit-
ly; therefore, for derivatives of any order, we can immediately write

ol ﬂ*"l-k(k-l)n'j‘g}bk « {pd4pd-t. (k—l)(k-E)D‘j-e}bknz. (15)

Equations (5}, (9), (8), (15), (14}, (18) -- and (16) -- soive the
problem of computing the Laplace coefficients and tueir Newcomb derivatives
in & ver; efficient wny.



References
AXDOYIR, M. H.

1923. Cours de Mecaniq e Celeate. Gauthier-Villars et C-°,

Paris, vol. I, pp. 413-418.

INNES, R. T. A.

1902. Monthly Rotices Roy. Astrom. Soc., vol. 69, pp. 633-647.
INIES, R. T. A.

1920. Monthly Nctices Roy. Astron. Snc.. vol. 7O, pp. 154-106.
WETTTAKER, E. T. and WATSON, G. K.

1658, A Course of Modern Analysis. University Pmess, Cambridge,

bth ed., p. 293.






The figures on the following puges show the behavior of the functions
Dibk in the i.'ervel 0.1 Sa £0.9, for k =0,i,..., 16 and } =0,1,...,12,
The scale on the vertical axis is iogarithmic.
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A COMPUTER PRCGRAM FGR THE EVALUATIOR OF IATLACE COEFFICIERTS

ARD THEIR NFWCOMB DERIVATIVES =

bs

Benno Benima

The program tc compute tbe Laplace coefficirnts o (a) and the's
Newc.at derivatives Db (a) by the method described in tne precediag

paper of I. G. Izsak was writlen fcr an IBM-7090 digital coumputer in
Fortrun II using double precision arithmetic. The inde) 3 has been
omitted since the prosg-am in its present form computes the Laplace coef-
ficients only for s = 2’ - It will calculate the array oa the tor .l page
3 for any argument O in the interval O <o <1 ard up to any inlex K < 32
and any order J € 12 of tke derivatives.

The program has the form cf a subroutine and must e called bty the
user's program. ‘fhe three input parameters, viz. the argument @, the
maximup requred index K and the maximum order of the derivatives J have
to be suppliea to the subroutine through the common aresa. An opticnal
output routice is availabl. that tabulates the fuactions for any given
set of arguments. A sample cf this cutput is pricted in the Appendix. )
This output eubroutine also is called Trom the user's program. The method
according to which the program computes the array on page 3 is described
in the following.

First the coefficlents Ckh vhich are defined ou p. 4 of the preceding

paper sre ccmputed up to order max fK,J] and stored. Their computational
scheme ig similur to that of a Pascal trisngle. If the program is r
entered witn 1 nev argument, . check is made to see If the triangula
array of %the Ckh kas been developed far enough fcr the nev cas~. If

the calcuwlation of the ckh is bypa.sed.

lmu work was supoorted by Grant No. KeG A7.-€0 from the Natioral
Aeronautice and Space Administration.

2Ptogran|er, Computations Division, Smithsonian Astrophysical
Chaervatory, Cambridge, Massachusetts.
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N xt we reduce the argument by the tramsformaticn (5) snd compute
the puwers of al until cxi becomes smalier than }.0'16. The reduced argu-

ment O’l end it: ascendiny powers are stored in the second column of a

rectade ..o zrray of 33 rows and 13 cciumns in which all the intermediate
regults of the computat.on will be stored and which at the eni of the
prograx will contaln ¢.. array of p. 5. The erg.ment al 13 aga.n reduced

by the same trancformation to o 3 and 02 and itvs powers are stored in the

third cclumn <f tne array. We ¢o on in this fashion until the argument is
87 3mall that its column contains not mcre than four elements. Now we

vvuyuw the O1.ot Poun- :5;1‘;&_“ cr\f:ffin‘nn"a Por ¢ha Pinal redunned argamer 54
QI by taking the first one or Lwoc iterms of the pertrining hypergecometric
series, i.e. .
I
{ .
b \QI) ] o -
a) =+ o
bylap) =% o
aI ]
o ) = — o
b (o) = (1 (a)
(a) = & o
a -
b3l 5% %

and store these in the sixth columm after the column in wvhich @ is s-ored.
Back tracking now we compute the b (UI 1) frox the bk(aI) with formula (€)

ond store the results each time one columm -© the left. poiag this (I-1)-
times we end up vith the b (o,) in the eightr column. From the b,‘(al) ve
now cc-pute the £,() with formula (9) and store the results in the first
columu. We form the alternating sum in formula (9) by subtracting from
the product Ckn h(a ) at each step the part:ial sum formed st the previous
step and taking the ubsilute value of the “insl sum since the £y are
alseys positive. Then tbe DBy are computed from the B, with formula (8)
ana stored in the second cclumm. Nov we go vack tu .he first ccilumn and
compute the lLaplace coefflicients "é“) from the bk(ﬂl) wvhich are still in

the eighthcolumn wit! “ormula (6) and store tbe resuli= {0 the first colum.
Starting again frum the second -~'umn we resume the computation of +he

triangviar array of the 0353 vith fursula (8) working toc the right and up-
wards. This gives uc the first rov of our final array since DJb = D-’E .

The second rov of tae final array, i.e. the D"'b are novw calcuh;t.ed vith
foraula (15) from the firet row. Actually, we m formula /1¢) in the forw

-1
phy =l ) (ayerd) (51) 52y
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Developing th. binomial coefficiente as we gu amlong, we muitipiy at each steg
D’nﬂ'bo with (‘j:l) and pubtract the purtial sum fo-meC at. the previrus

step, setting zhe final sum positive as br%ore. Diviasion Ly @ ther ziver
D'ibl. The clements of the second column, the Dbk’ w2 find vith foreala

{(1+) from the first column and the element of the sBecond column that was
coumputed in each rrevious step. Pinally all remaining derivetives in the
array are ~obtal;sd ccluma by column with the ald of formula (18).

The program was used to produce tablee cf the lapiace cceff’ ~ients
and thelr firat twelve Newnombh derivatives for 4l srguments iz,
a =0.,1(0.01)0.9. The machine tim: for this run was 3 O minuteés. To
achleve the best wowesible accuracy the decimal to binary conversion of

the argument o shcould be done in doukle precilion.

The resulte were a’gc plotted oo an EAI lata-plotter, model 3037D.

For each k two logarithmic graphe were made with the arguments s abscigsae
and the logaurithma of the functiocnal values zs ordinates. Ome plot cone
tains the Laplace coefficlents and the first six derivativez and the other
the last eix derivatives. The TO90 program that produced the punched card
ioput (cs. 20,000 cards) for the dava-plotter, scaled the cordir~tes and

ad justed the logarithric scale fcr each plot separately. fThe graphs are
given on pp. 12-47

To get an 1dea of the <fficlency of the method and the accuracy of
the regulte .« have run the sawme program in single precision arithmetic.
Purthermire we have written a program that computes the laplace coeffi-
clents and their derivatives straightforward by the summation of hyper-
grometric series.

The single precision program took 1.G minutes for the £1 argumepis
vhile the machiase time to comjute tables for nine arguments, viz.
@ =0.1(0.1)0.9 with the double precisicn hyperreometric series program
wvas 3.9 minutes. The average computation time with hypergeomeiric series
therefore 1., approximately ten times longer. Compeariscn of the results
of these prcgrams can be evaluated &3 follows.

In the proegrasm that i described above Bo logs o7 accuracy to spezak
of occurg in the first two cclumme abnd rows of the scheme on the top of
p. 3. 3Begirning with the third column and third row that 18 with the use
of the recurrence re’atica (13) npe does loose accuracy in ‘he serse that
the last digite of the printea . ™Mting point numbers become graduaily
ocaningzless; the smaller the argument @ the fas‘er this tappens. This
is a perfectly natu- & snl harmless ph.ocmenon related to the fact that
for small values cf . the functions DJbz decrease rapidly as - increases.



In the eingle precision version of the program the fourth digit of the
printed floating point zumber becowes meaninglers with the value of the
index k for which bk <2x 10°8. Ope will haruly ever go so far in the

development of a plasetary diszturlbiing fuzction. In the double precision

verricn this 1imit is 2 x 2070, n the other hand, the double precision
version gives the results wich a maximun error of two units in the 2ighth
place as long as b, > 2 x 1072, The value of the inmdex S seems irrelevart

to the sccuracy »f the cowmputed vaiues foi the furnctions D‘ibk. For large

values of the argument & the Newcomb derivatives of the Laplace coefficients
increa~e very rupidiy with the index | as shown by the figures on pp. 12-L5.
In a practical application, however, these functions are dlvided by large
aumbers end multlplied with at least the j-th or of the orbital eccen-
tricity.

The program uses 5,356 memory lccatioas plus an raditional 268
lccations for the output routice.



A print-~ut sample. The value @ = 0.3250€13L rertains to the satellites
Titan and Hyperica <f Saturn. For a cc...arison see the table con p. 6L2
~f

n the gresent Jdefinition b, is half as

the reference Inmec [1G09). I ,
. <

large as in that cpted hy Inne
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